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A CRITERION FOR AN ABELIAN VARIETY TO BE NON-SIMPLE 


R. AUFFARTH, H. LANGE, A. M. ROJAS 


Abstract. We give a criterion in terms of period matrices for an arbitrary polarized abelian 
variety to be non-simple. Several examples are worked out. 

1. Introduction 

Let (A,T) be a complex abelian variety of dimension g with polarization of type D = 
diag(di,... ,dg) defined by an ample line bundle C. So A = V/A where V is a complex vector 
space of dimension g and A is a lattice of maximal rank in such that with respect to a basis 
of V and a symplectic basis of A, A is given by a period matrix (D Z) with Z in the Siegel 
upper half space of rank g. The aim of this paper to give a set of equations in the entries of 
the matrix Z which characterize the fact that (A, C) is non-simple. These equations are easy to 
work out for g = 2 and can be given explicitly with the help of a computer program for g = 3. 

To be more precise, the polarization induces a bijection 

(p NSq(A) —> EndQ(A) 

of the rational Neron-Severi group NSq(A) := NS(A) 0 Q = (Pic(A)/Pic'^(A)) 0 Q with the 
Q-vector space EndQ(A) := End^(A) 0 Q generated by the endomorphisms of A which are 
symmetric with respect to the Rosati involution of (A,i2). Now an abelian subvariety A of A 
corresponds to a symmetric idempotent ex G EndQ(A). So is an element of NSq(A). 

On the other hand, NSq(A) admits an intersection product which associates to g elements 
«!,..., Og G NSq(A) a rational number (ai • • • ag). Theorem 13.31 is a criterion for an element 
a G NSq(A) to be equal to (p~^ex for an abelian subvariety A of A in terms of the intersection 
numbers 

Introducing coordinates of A as above and using the fact that 

NSq(A) = Ri’HA)nR2(^^Q) 

we translate the criterion into terms of differential forms which finally gives the above mentioned 
equations in Theorem 14.11 for the matrix Z. These have been outlined in [1] in the case of a 
principally polarized abelian variety. For our applications we need however the generalization 
to an arbitrary polarized abelian variety as we will explain now. 

Let G be a finite group acting faithfully on the abelian variety A. Following O Section 13.6], 
this action induces a morphism p from the group algebra Q[G] to the rational endomorphism 
algebra End(A) 0zQ- Since Q[G] is a semisimple algebra, it decomposes as a product of simple 
algebras Qi x ■ ■ ■ x Qr- Each Qi is generated by a central idempotent e^, and these are in 
correspondence with the rational irreducible representations of G. By dehning Aj = p{mei), 
where m is an integer such that p{mei) G End(A), the so called isotypical decomposition of A is 
obtained. It is an isogeny Ai x • • • x A^ —)• A where the Aj are abelian subvarieties of A uniquely 
determined by the simple factors Qi of the rational group algebra Q[G]. 
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In an analogous way the factors Ai are decomposed further up to isogeny as Ai ~ B^\ This 
last decomposition for each isotypical factor comes from the decomposition of Qi as a product 
of minimal ideals. Therefore here Bi is an abelian subvariety of Ai, not uniquely determined, 
and rii = , where Xi is a complex irreducible representation associated to the simple factor 

Qi and rrii its Schur index (see O Section 13.6]). The decomposition 

(1.1) X ••• X B”’- 

is called the group algebra decomposition of the G-abelian variety A. Our starting point was 
the question whether the abelian varieties Bi are simple. Even if A is principally polarized, 
the induced polarization on Bi is in general not principal. So in order to discuss the simplicity 
of Bi we need Theorem im also in the non-principally polarized case. We will outline several 
examples for this. 

In Section 2 we recall and outline some more details about the relation between abelian sub- 
varieties and symmetric idempotents of a polarized abelian variety. Section 3 contains the above 
criterion in terms of the Neron-Severi group and Section 4 its translation in terms of period 
matrices. Finally Section 5 contains the examples. 

Acknowledgements: We would like to thank Pawel Borowka for pointing out a mistake in a 
previous version of Example 14.21 


2. Abelian subvarieties and symmetric idempotents 

According to [S] Section 5.3] there is a 1-1 correspondence between the set of abelian subva¬ 
rieties of a polarized abelian variety and the set of symmetric idempotents of its endomorphism 
algebra. In the sequel we need however some more details of this relation which will be worked 
out in this section. 

Let {A, C) be a polarized abelian variety of dimension g of type (di,. .., dg). Here the di are 
positive integers with dj|dj_|_i for for all i. Moreover, if A := Pic*^(A) denotes the dual abelian 
variety and : A ^ A is the morphism a i—)• t*^C® C~^, then 

ker (pc ~ (Z/diZ 0 • • • 0 'Lldg'L)'^. 

Now let A C A be an abelian subvariety of dimension n. The restriction C\x defines a polar¬ 
ization on X of some type (ei,..., e„). We will write ex instead of e„ and call it the exponent 
of X (in (A, £)). We have the commutative diagram 


( 2 . 1 ) 



where lx is the natural inclusion. Since (pcix isogeny, also 

V'x := ^x(pc\x ■ ^ ^ ^ 

is an isogeny. The norm endomorphism of X (with respect to the polarization C) is defined by 
the composition 

Nx := I'Xtpx'i^xfpC G End(A). 

Clearly the image of Nx is X itself. Let 

' : EndQ(A) —)• EndQ(A), a a' := cp'^^acpc 
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be the Rosati involution with respect to the polarization C and let EndQ(74) be the subspace of 
elements of EndQ(A) fixed under it. Clearly Nx £ EndQ(74) and we have according to O Prop. 
5.2.1] that the map 

(2.2) ip : NSq(^) —>■ EndQ(j4), a i-a 

is an isomorphism of Q-vector spaces. We define the numerical class of X in NSq(^) by 

5x := P~^{Xx) £ NSq(^). 

Apart from X it depends only on the polarization C of A. Recall that the symmetric idempotent 
associated to X is defined as 

Ex '■= —Xx € EndQ(A). 

^X. 

Let ax denote the class of NSq(A) corresponding to ex via the isomorphism (12.211 . i.e. 

ax = p~^{£x)- 

Lemma 2.1. Let [Nf^C\ denote the class of the line bundle in NS(A). Then we have 

5x = —[N*xC] and ax = e XSQiA). 


ex 


-X 


Proof. Using the symmetry of Nx with respect to Rosati and the fact that N‘^ = exNx we 
have 

if c = —^c'NxfcNx = —N'xNx = —N^ = Nx- 

\ex J <^x ^ ex ex ex 

This gives the first equation, since p is an isomorphism. The second equation follows from this 
and ax = □ 

Lemma 2.2. The map 

px : EndQ(X) EndQ(A), a i-A —Lxotf^xXf'c 

ex 

is an injective homomorphism of Q-algebras with 

hxi'^x) = ex- 

Proof. The proof of the multiplicativity uses the fact that f^x'^xf'Ci'X = ex^x- The other 
assertions are obvious. □ 

Now consider a pair of complementary abelian subvarieties ly ■ Ni ^ X, i = 1,2, of the 
polarized abelian variety (X, £|x), i.e. with respect to the polarization C\x- Let ey. be the 
exponent of the polarization {C\x)\Yi = T|y. and i/'y. = eYi4>~rl ■ Let Nx and A'y. denote the 

norm endomorphisms of X and Yi in End(A) with respect to the polarization £ and ex and ey. 
the corresponding symmetric idempotents of EndQ(A). 

Lemma 2.3. With these notations we have 

(a) exeyjA^yj + exeYiNY 2 = cy^cy^Nx, 

(b) Eyi + £Y2 = • 

Proof. Let Ny G End(Ai) denote the norm endomorphism of Yi with respect to the polarization 
C\x for i = 1, 2. We have for i = 1, 2, 

Tx{Ny) = - txNyfjx'^xf'C = -txty.l/’YRy </)£| •0ALV</>£ = W'^YYYifc = Ny^ 

ex ex ' 
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Now [3l page 125, equation (4)] says 

= eyieijlx- 

Applying the map we get 

CYieyj —Nx = eYleY2^^x{^x) = eY^tJ'xiNyJ + ey^^x(A^^) = eyjiVy^ + cy^Ny^- 
This gives (a). Dividing (a) by ey^eyjCx gives (b). □ 

Let / : A —>• i? be an isogeny of (unpolarized) abelian varieties. So f~^ exists in HomQ(i?, A) 
and the abelian subvarieties of A correspond bijectively to the abelian subvarieties of B under 
the map X i—?■ f{X). Moreover the map 

7: EndQ{B) EndQ(A), b ^ f~^hf 

is an isomorphism of Q-algebras. Now let 

/ • {B,Cb) 

be an isogeny of polarized abelian varieties, i.e. /*Ts = Ca- Let tpA ■ NSq(A) —)• EndQ(A), 
respectively (ps '■ NSQ(i3) -A- EndQ(i3) be the isomorphisms associated to the polarization Ca, 
respectively Cb- Then we have. 

Lemma 2.4. / restricts to an isomorphism of Q-vector spaces f : EndQ(i?) —)• EndQ(A) and 
the following diagram eommutes 


NSq(S) —End^(S) 


r 

NSq(A) 


J 

End4(A) 


Proof. For the first assertion it suffices to show that if 6 G EndQ(i?) is symmetric with respect 
to then f{b) is symmetric with respect to Ca, since both Q-vector subspaces are of the same 
dimension. This is a straightforward computation. For the commutativity of the diagram let 
13 G NSq(.B). Then fipB{f3) = f~^<fcl'^pf = if4>CBf)~^if4'hf) = ^J*Cb^P(I 3) = PAf*{P)- □ 

Consider the direct image map /* : NSq(A) ^ NSQ(i3) defined by the norm map of /. 

Corollary 2.5. Let X he an abelian subvariety of A and Y = f{X) with symmetric idempotents 
ex and ey. Then we have for ax = ^p'^{£x) and ay = 

ax = /*ay 


f*{ax) = deg(/)ay. 

Proof. According to Lemma 12.41 we have ax = f*OLY. This implies 

/*ax = f*f*OLY = deg(/)ay 

where the last equation can be seen, for example, in [3 Proposition 21.10.18]. □ 

Remark 2.6. The corollary can also be expressed in terms of the polarizations, since deg{f) = 

x(^a) 

x{^b) ' 
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3. The criterion in terms of the Neron-Severi group 


Recall that for any 5 -tuple of line bundles Li on a 5 -dimensional abelian variety A an inter¬ 
section number {Li ■ ■ ■ Lg) is defined. It extends in the usual way to give a rational intersection 
number 

(ai • • • ag) E Q 

for any elements a* in NSq(A). Let x(T) be the Euler characteristic of £; by Riemann-Roch 
this is just di • • • if £ is of type (di,..., dg). Now let X be an abelian subvariety of dimension 
n of the polarized abelian variety (^4, L) of dimension 5 . Let 5x denote the numerical class of 
X in NSq(T) and ax = as in Section 2. 


Proposition 


3.1. We have the following intersection numbers: 

(< 5 ^ • L^-^) = I Ui=n+iii “ ^ 


or 

for 


1 < r < n, 
r > n + 1. 


and 


{Wx • L^-n 


x(£)n!nf=n+i(^-0 

0 


for 1 < r < n, 
for r > n + 1. 


Proof. It suffices to prove the first equation. Using Riemann-Roch and Lemma 12.11 we have 
that for all t E Z, 


deg{dg{t - Nx)) = deg{dg(j)^^(j)t[jr]-Sx) 

= deg{dg(j)2^) degi(j)t[c]-5x) 

and 

deg{dgf)l^) = 

since dg^ = deg{dg ■ 1 ^) = deg{dgcj)'^^cj)c) = deg{dn<f>f^)x{^)‘^■ Oa the other hand, according to 
O Proposition 5.1.2] we have 

deg(d,(t - Nx)) = dfr<^-^^{t - ex)^^ 

since t‘^^~‘^^[t — ex)^"' is the characteristic polynomial of the rational representation of Nx- 
Together this gives, after dividing by d^^ and taking square roots (since for sufficiently large t 
both sides are positive) 

{t[L]-5x)^ = x{C)glt3-^{t-ex)^. 

Now expanding the polynomials and comparing the coefficients gives the result. □ 


Now let the notation be as in Lemma [2.3l In particular Yi and Y 2 are complementary abelian 
subvarieties of {X,Lx)- For i = 1,2 denote a* := E NSq(^). Then we have 


Proposition 3.2. 


t (;:) (ai. ar. a-n = {- ■') /- 


r < n 
r > n + 1 
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Proof. Let • EndQ(X) —)• End(Q(A) be the homomorphism of Lemma [2.2l As complementary 
symmetric idempotents, and commute and so do their images ey^ and eyj under the map 
^x- This implies that 

Ex = (exi + ^ f 

j=o 

Applying the map the assertion follows from Proposition 13.11 □ 


In [U Theorem 2.6], it is shown that in the case of a principally polarized abelian variety the 
above intersection numbers characterize the classes that come from abelian subvarieties. The 
problem when C is not a principal polarization, is that 5x is not necessarily primitive. We can 
fix this, however, by considering symmetric idempotents instead of norm endomorphisms to get 
the following result. 


Theorem 3.3. Given a polarized abelian variety {A,C) of dimension g. The map X i-A ax 
gives a bijection between the sets of 

(1) abelian subvarieties of dimension n on A and 

(2) classes a E NSq{A) that satisfy 

iW r 9 -r) = { x{^)n'.Uf=n+ii^-r) */ ^<r<n 

^ ^ ^ \ 0 if r>n + l. 


Proof. Let X be an abelian subvariety of dimension n of A. According to Proposition 13.11 ax 
satisfies the equations in (2). Conversely, let a E NSq(A) satisfy the equations in (2). Let q be 
a positive integer such that qg>{a) E End(A). Then 


deg(t - q<p{a)) = 




12 


am - qayf 


r—n V^/ 


x{C)g\^^ 

' I YY gl 


E 


x(T)ff! ^ rl{g-r)l 


’’x(T)n!(n + 1 - r) • • • (51 - r) 




n\ 


—^ rUn — r)! 

r=o ^ ’ 




2n 


Since this is the characteristic polynomial of q(p{a) and q<p{a) is symmetric, then q(p{a) satisfies 
the equation {qip{a)){qip{a) — q)=0 (see [U Lemma 2.7]). Therefore fia^ = and so (p{a) 

is the symmetric idempotent associated to the abelian subvariety X := \m.a,ge{qip{a)). This 
completes the proof of the theorem, since clearly both maps are inverse to each other. □ 


Even if one finds many elliptic curves on an abelian variety, it is not always easy to tell 
whether the abelian variety decomposes as the product of these curves. Eor example, if E and 
E' are isogenous elliptic curves and JT is a simple abelian surface, then E x E' x X has infinitely 
many elliptic curves, but does not split as the product of elliptic curves. Using the previous 
theorem, we can determine when this occurs. We first prove two lemmas. 

Lemma 3.4. If {A,C) is a polarized abelian variety of dimension g and Ei,..., Eg C A are 
elliptic curves with complementary abelian subvarieties Zi,... ,Zg, then the addition map 

a : El X ■ ■ ■ X Eg ^ A 

is an isogeny if and only if the line bundle Oa{Zi) (g) • • • (g) OxiZg) is ample. 
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Proof. Set S := Oa{Zi)®- ■ ■iS>OA(Zg), let X be the image of a and let Y be the complementary 
abelian subvariety of X. Clearly Y ^ Zi for every i and 5|y ~ Oy- If a is not an isogeny, i.e. 
Y 7 ^ {0}, then 5|y is not ample, and therefore S is not ample. 

Assume now that a is an isogeny. We see that for all / = {ii,..., v} C {1,... , g} and all 
j ^ {ii,..., ir}, Zj intersects Zj := n • • • H Zi^ properly. Therefore, 

#I=r 

which is positive since L is ample. By the Nakai-Moishezon Criterion for abelian varieties ([3l 
Corollary 4.3.3]), we get that S is ample. □ 

Lemma 3.5. If E is an elliptic curve on A with eomplementary abelian subvariety Z, then ue 
is a positive multiple of [Oa{Z)], where [Oa{Z)\ denotes the numerieal class of the line bundle 
Oa(Z), 

Proof. By Lemma 12.11 it is clearly sufficient to prove that Nf.C is algebraically equivalent to a 
positive multiple of Oa(Z). Now according to [H Proposition 12.1.3] and since an elliptic curve 
is self dual, we can identify AfZ = E = E and the norm map Ne factors as 

Ne:A^E^A. 

This gives = p*{C\e). Since E is an elliptic curve, we have C\e = mO^{[0]) for some 

positive integer m, where [0] denotes the origin of E. Therefore, 

N*eC = p*C\e = mp*OEm) mOA{Z), 

since Z is the kernel of the projection p. □ 

Corollary 3.6. A polarized abelian variety (A, C) of dimension g splits isogenously as the prod¬ 
uct of elliptic curves if and only if there exist ai,... ,ag G NSq{A) such that 

(^r r 9 -r\-[ if r = l 

^ ^ ^ \ 0 if r> 2. 

and such that ai + ■ ■ ■ + Ug is an ample Q-elass. 

Proof. If A splits up to isogeny as the product of sub elliptic curves Ei,..., Eg, then, by Theorem 
13.31 and Lemma [331 we obtain classes ai,...,ag that have the intersection numbers above. 
According to Lemma 13.51 we have 

rjOj = [OA{Zi)] 

where Zi is the complementary abelian subvariety of Ei in A and ri = ^ for some positive 
integer my Define r := max{ri,... ,rg}. Since 5 = noi + • • • + VgUg is ample by Lemma [331 
then 

r(ai H-h ag) = 5 + {r — ri)ai H-h (r — rg)ag 

is ample, being the sum of an ample class and a nef class. Therefore oi + • • • + is ample. 

Reciprocally, if we have ai,...,ag G NSq(A) with the intersection numbers above, then 
Theorem 13.31 implies that these come from elliptic curves Ei,...,Eg on A. By Lemma 13.51 
there exists G Z>o such that rjOj is the numerical cycle class of the complementary abelian 
subvariety of Ei. If ai + • • • + is ample, then riai + • • • + rgUg is ample (it lies within the 
ample cone), and by Lemma (331 A splits as a product of the Ei. □ 
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To determine when a Q-class is ample, we use the Nakai-Moishezon Criterion for abelian 
varieties (see O Corollary 4.3.3]). This theorem states that if C is an ample line bundle on 
an abelian variety of dimension g and a is a Q-divisor class, then a is ample if and only if 
(o'* • > 0 for all r = 1,..., n. This, along with Corollary 13.61 gives us a numerical criterion 

for when an abelian variety splits as a product of elliptic curves. 

4. The criterion in terms of the period matrix 

Let {A,C) be an abelian variety of dimension g with polarization of type (di,... ,dg). The 
Neron-Severi group of ^ = V/K can be seen as a subgroup of ~ To be more 

precise, given a basis of V, let {Ai,..., Ag, gi,..., /Ug} be a symplectic basis for (A,£) such 
that with respect to these bases, A is given by the period matrix (D Z). If xi,... ,X 2 g are the 
real coordinate functions of A 0 M associated to the basis of A and Zi the complex coordinate 
functions with respect to the basis of V, these functions are related by the equation 


( 


( xfi\ 


= {D Z) 


\%/ 


\®2g/ 


where D = diag(di,..., dg). The global 1-forms dzi, ..., dzg form a C- basis of the cotangent 
space of A at 0. Since the forms dziAdzj, i,j = 1,... g generate the the C-vector space 
this implies that 

H^’^{A) = {io £ H^{A, C) I a; A dzi A • • • A dZg = 0} 

Now the hrst Chern class induces an isomorphism 

m^{A)c^H^{AM)^H^'\A). 

Moreover, H'^{A,Q) ~ a‘^H^{A,Q). So we can identify H‘^{A,Q) with respect to the above real 
basis as 

H^iA,Q) = a2(Q29, 

In other words, we consider {dxi A dxj \ l<i<j<g} as the canonical basis of A^Q^^. So 
together we obtain the following identification 

(4.2) NSq(A) = {w G A^Q^" : uj A dzi A • • • A dZg = 0}, 

With these identifications Theorem 13.31 translates into the following theorem. 

Theorem 4.1. Given a polarized abelian variety {A,C) of dimension g and type {di,... ,dg). 
The above identifications induce a bijection between the sets of 

(1) abelian subvarieties of A of dimension n and 

(2) differential forms u G A^Q^^ such that 

(a) LO A dzi A • • • A dZg = 0, 

(b) A 9 ^( 9 -r) = / X(-C)n! nf=n+i(^ -r)-uJo 1 < r < n 

where 6 is the first Chern class of C and coq = {—Ifidxi A dxg+i A • • • A dxg A dx 2 g. 

Proof. According to [3l Exercise 2.6,(2b)], the first Chern class of L corresponds to the differential 
form 

n 

(4.3) 9 := — djdxj A dxj+n. 

i=l 

Moreover, in these terms the intersection product in NSq(A) corresponds to the wedge product 
of differential forms. So the assertion is a translation of Theorem 13.31 □ 
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Example 4.2. In [H Theorem 8] a particular set of period matrices is shown that represents 
all principally polarized abelian varieties of dimension g that contain an abelian subvariety of 
dimension n and of type {di,..., dn)- Indeed, Borowka obtains the family of matrices Z = {zij)ij 
where 

Zij diZ(^g_Yij^{^j i,j 1 ,..., n 

Zij = 0 i = n + 1,... ,g - n,j = 1,... ,n ’ 

If Zn represents the principal n x n submatrix of Z, then putting X = C^/{Z^IX + D7X) with 
D = diag(di,... ,dn) and A = C^/(ZZ^ + Z^), we have an inclusion X ^ A whose analytic 
representation acts as 

(Xi, . . . , Xn) l-A (Xi, . . . , X„, 0, . . . , 0, —Xi, . . . , —Xn). 

(1\ dfi 

The rational representation of the norm endomorphism associated to X in ^4 (with respect to 
the given polarization) is found to be 

AT -A ( ^ 0 


where 

/ 4 0 

R= 0 0 

\D-^ 0 ^ 

(with the zero matrices having the appropriate size) and D~^ = diag(d)~^,..., d~^). By [U Prop. 
3.2], the matrix of the alternating form associated to X (with respect to the given symplectic 
basis) is 


M = 


0 -In 


In 


0 


^ ]N = d^ 


0 -R^ 

R 0 


Therefore, the differential form associated to the symmetric idempotent of X is 

n ^ 

Wdi,...,d„ := - '^{dxi A dXg+i + —dxi A dxg-n+i) 

di 


2=1 


and the equations above on the period matrices can be simply represented by the equation 
^di,...,dn A dzi A • • • A dzg = 0. We then have that the moduli space of all principally polarized 
abelian varieties that contain an abelian subvariety of dimension n and type (di,..., dn) is 


Ag{u}d^^...,d„) ■■= 7r{{Z G ILg : A dzi A ■ ■ ■ A dZg = 0}), 

where tt : Rg —)• Ag is the natural projection. This shows that our general approach to studying 
non-simple abelian varieties gives the same equations as those found in [ 1 ] when using a particular 
differential form. □ 


Now we endow Z^^ with the canonical symplectic form and extend this form to the complex 
vector space Let xi,... ,X 2 g denote the coordinate functions with respect to the canonical 
basis of We identify the vector space A^C^^ with the C-vector space of differential forms 
'^i<j ^ijdxi A dxj with constants G C. 

Let {A,C) be a polarized abelian variety of dimension g of type {di,..., dg) and suppose 
A = V/A. Given a basis of V and a symplectic basis of A, we can identify this basis with the 
canonical basis of 7?^ C such that the restrictions to the reals of the above coordinate 
functions Xj (also denoted by Xj) are real coordinates of the complex vector space V. Let {D Z) 
be the period matrix of A with respect to the bases. We introduce complex coordinates zi,... ,Zg 
of V by means of equation (14.ip . 
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The matrix Z is symmetric and positive definite and thus an element of the Siegel upper half 
space Hg of rank which is a complex manifold of dimension • With respect to the real 
coordinates Xi the first Chern class 0 of £ is given by (|4.3p . With these notations we define for 
every positive integer n < g a complex subvariety of x Tig by 

(4.4) £{g,n) := {(to, Z) G x Tig \ uj satisfies equations (a) and (b) of Theorem 14.11} . 

If we denote for any Z G Tig by Az the polarized abelian variety defined by the period matrix 
{D Z), then Theorem 14. II translates into to following corollary. 

Corollary 4.3. The abelian variety Az admits an abelian subvariety of dimension n if and only 
if there exists an u ^ A^Q^® C A^C^® such that (to, Z) G £{g, n). In other words, 

{Z G Tig I Az admits an abelian subvariety of dimension n} = £{g,n) n (A^Q^® x Tig). 

The following proposition gives explicit equations for g = 2. For the principlally polarized 
case see [11 Thm. 3.1], or [51 Lemma 5.3]. Since any polarization is a multiple of a primitive 
polarization, we may assume that the polarization of A is of type ( 1 ,^ 2 ) with some positive 
integer d 2 . 

Proposition 4.4. Let {A,C) be a polarized abelian surface of type (l,d 2 ) with period matrix 
Z = ^ admits a sub elliptic curve if and only if there exists a vector 

( 012 , 013 , 014 , 023 , 024 , 034 ) G Q® satisfying 
— d2 = ^2013 + 024, 

0 = (rir 3 - r|)oi 2 - ^ 2014^1 + d 2 ai 3 'r 2 - 024^2 + 023 T 3 + ^2034 and 

0 = 014023 — O 13 O 24 + O 12 O 34 . 


Proof. This comes from writing out the previous conditions. The first equation is (a) and the 
second and third equation (b) for r = 1 and 2 of Theorem 14.11 □ 

Similarly the equations for g = 3 can be given explicitly. Again we assume that the polariza¬ 
tion is primitive, i.e. di = 1 . 

Proposition 4.5. Let {A,C) be a principally polarized abelian threefold of type (1,^2, c^s) with 
period matrix Z = {Tij)ij. Then A admits a sub elliptic curve if and only if there exists a vector 
(oij)i<i<j <6 G such that 
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0 = 


0 = 


0 = 


0 = 


0 = —ai6d2l^3Tll + ai4(i2(i3ri3 + 046^2^3 — a26d3Tl2 — a36l^2Tl3 + 024 <^3T23 + 

a34C?2T33 — (c^3T12T13 “ d‘iTiiT 2 ‘i)ai 2 — (d 2 Tl 3 “ C?2TllT33)ai3 “ (t 13T23 “ Tl2T33)a23 
— ai6(i2(i3ri2 + ai5l^2d3Tl3 + «56C?2l^3 “ a2Qd^T22 “ a36l^2T23 + 
a25<^3T23 + a35f^2T33 “ (c^3Tl3'r22 “ f^3Tl2T23)ai2 “ (f^2Tl3T23 “ <^2n2T33)ai3 “ 

(''‘23 “ T22T33)a23 

ab&d2Ti3 — a4Qd2T23 + a43d2T33 — ((rig — T22T33)Tn — {T 13 T 23 — Ti2T33)ti2 + 

(T 13 T 22 — T12T23)t 13)012 “ (d2Tl3T23 “ C?2Tl2T33)ai4 + ('^ 2 Tl 3 “ f^2TllT33)Rl5 “ 

{d 2 Ti 2 Ti 3 — d2TiiT23)ai6 — {'^23 ~ '''22T33)o-2A + {t13'T23 “ Tl2T33)a25 “ (t13T22 “ T12T23)R26 

— ai5(i2f^3Tll + ai4<i2f^3Tl2 + a45(^2<^3 “ a25l^3Tl2 “ a35l^2Tl3 + a24<^3T22 + 

<l3Ad2T23 — {d3Tl2 ~ '^3Tlir22)ai2 “ (<i2Tl2Tl3 “ d2TllT23)ai3 “ (t 13T22 “ Tl2T23)a23 
a56C^2d3Tll — a4Qd2d3Ti2 + a45(i2rf3Tl3 “ ((t23 “ T22T33)tii — {T13T23 — Ti2T33)t12 + 
(T13T22 — Tl2T23)Tl3)a23 + (d3Tl3T22 “ f^3Tl2T23)a24 “ (d3Tl2Tl3 “ C^3Tlir23)a25 + 

{dsTu - d3TllT22)a26 + {d2Tl3T23 “ d2n2T33)a34 “ (d 2 Tf 3 “ d2niT33)«35 + 

{d2Ti2Ti3 — ^ 2 X 11 X 23)036 

— a56C?3Tl2 + a46l^3T22 “ 045 ^ 3 X 23 — ((x |3 — X 22 X 33 )xii — (X 13 X 23 — Xi2X33)xi2 + 

(T 13 T 22 — Tl2T23)Tl3)ai3 + (^ 3 X 43 X 22 — C?3Tl2T23)ai4 — ('^3Tl2Tl3 “ rf3TllX23)ai5 + 

{ds^u ~ d3TiiT22)aiQ — (xlg — X22X33)a34 + (X 13 X 23 — Xi2X33)a35 — (X 13 X 22 — Xi2X23)a36 

— 014 ^ 2^3 — 036^3 — 025^3 

— 2016 034 ^2 — 2013046 ^2 — 2ai5a24C?3 ~ 2042045^3 + ( 036^2 + 025l^3)oi4 + 

( 044^3 + 030)025 — 2026035 + (oi4(i2 + 025)036 — 2023 056 

(030045 — 035046 + 034050)042 — (020045 — 025 046 + 024050)043 + 

(020035 — 025 036 + 023050)044 — (026O34 — 024036 + 023040)045 + 

(025O34 — O24O35 + 023045)046 + (016O45 — 045046 + 044050)023 — 

( 016 O 35 — 045036 + 043050)024 + ( 016 O 34 — 044036 + 043040)025 — 

(045034 — 044035 + 043045)026 + (016O25 — 015 026 + 012056)034 — 

(016O24 — O14O26 + 042040)035 + (045024 — 044025 + 012045)036 + 

(016O23 — O13O26 + 042030)045 — (045023 — 043025 + 012035)046 + 

(014O23 — O13O24 + 012034)056 

Proof. For the computation we used the open source computer algebra system SAGE. The first 
6 equations correspond to the coefficient of dxi A • • • A dxi A • • • A dxQ (where dxi is omitted) 
of equation (a) of Theorem 14.11 The last 3 equations correspond to r = 1,2,3 in this order of 
equation (b) of Theorem 14.11 □ 


0 = 


^2^3 = 

0 = 

0 = 


5. Examples 

As pointed out in the introduction, we want to apply Propositions 14.41 and 14.51 to factors of 
group algebra decompositions of some principally polarized abelian varieties in order to check 
whether they decompose further or not. 

5.1. The family T 5 . In [TO] a 3-dimensional family J -5 of principally polarized abelian varieties 
of dimension 5 admitting an action of the dihedral group II 5 of order 10 was investigated. It is 


12 


R. AUFFARTH, H. LANGE, A. M. ROJAS 


given by the Riemann matrices 


Z = 


f Zl 

V 


22 

23 

23 

22 

2l 

22 

23 

23 


2l 

22 

23 



2l 

22 




2l 


en5. 


Let A = Az = Vjkz denote the abelian variety corresponding to Z. With respect to a basis of 
V and a symplectic basis {Ai,..., A 5 , , ^ 5 } of Az the period matrix of A is 


Uz = ih Z). 

According to [TO] the group decomposition of Az is 

Az ~ iT X . 


with an elliptic curve E and an abelian surface B. We want to see whether B decomposes further. 

Clearly the abelian subvariety R of A is not uniquely determined, but since the decomposability 
does not depend on the chosen subvariety in the equivalence class, we may assume acording to 
uni Proposition 4.4] that the sublattice of A defining B has the basis 

{Ai — As, A 2 — A 4 , Hi — /is, //2 — Hi} 

and moreover with respect to this basis, from the proof of cni Prop. 4.4] it is deduced that the 
period matrix of B with respect to the induced polarization of A is given by 

^ / 2 0 2(2:1 - Z2) 2 {z2 - Z3) \ 

^ V 0 2 2(22 - ^3) 2(21 - 23) )■ 

Proposition 5.1. (a) For a general A £ the abelian subvariety B is irreducible. 

(b) There is a union of surfaces in E 5 whose members split isogenously as the product of 
elliptic curves. 

Proof. The abelian surface B with period matrix 11^ splits if and only if the isogenous principally 
polarized abelian surface B with period matrix 

2 \ Z2- Z3 2l - 23 y 

splits. According to ProDosition l4.41 B splits if and only if there exists a vector (ai2,013, 014,023, 024,034) G 
Q® such that 

— 1 = «13 + 024 

(5.1) 0 = [(2:1 - 2:2)(^;i - ^^3) - (^2 - ^;3)^]ai2 + 

+2:1(023 — O14) + 22(013 + 014 — O24) + 23(024 — Oi3 — O23) + O34 
0 = 014023 — O13O24 + O12O34 

Suppose that for a general Z G "Hs the abelian surface Bz splits. This implies that all coefficients 
of the quadratic polynomial in the Zi vanish. So we get 012 = 034 = 0 , 023 = 014 and the system 
of equations 

1 I 2 

024 — —013 — J-, 024 — Oi3 + O14, 014 — 013024- 

Eliminating 014 and 023 we remain with the equation 6013 + 6013 + 1 = 0 which does not have 
a rational solution. This completes the proof of (a). 
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As for (b), consider the integers ai 2 = ais = 023 = 034 = 0 , 024 = —1 and 044 ;= a an 
arbitrary rational number. Then the first and the last equation of (|5.1I1 are satisfied and the 
second equation defines the surface 

Sa := {izi,Z2,Z3) G I 23 = (o + 1 ) 2;2 -azi] 

We will show that there exist infinitely many a G Q for which Sa gives a non-empty family in 
^ 5 . In fact, denote by Ui the imaginary part of Zi. Then the eigenvalues of the imaginary part 
of the matrix Z with (zi, 22 ,- 23 ) € Sa are: 


207/2 + yi+ 47/2 - 2o7/i, 




{yi - 2 / 2 ), 


a -\/5a\ , , 1 , 0 , y/5a\ , , (, o y/ha\ , , 

1+2-^ 1 (2/1 - ?/2), ( 1 + 2 ~Y' I (2/1 - 2/2), 1 ^ 2 - ^ j ^ ■ 

The following conditions imply that these numbers are postive. 

So for all rational numbers a in that interval, Sa defines a surface in T 5 all of whose abelian 
surfaces split up to isogeny. □ 

Remark 5.2. According to the proof of Proposition 15.11 there are infinitely many rational 
numbers a for which Sa defines a surface in Ts. We do not know how many of them are pairwise 
isomorphic. So we do not know how many such surfaces there are. 


5.2. The family T 7 . In [TO] a 4-dimensional family TV of principally polarized abelian varieties 
of dimension 7 admitting an action of the dihedral group Df of order 14 was investigated. It is 
given by the Riemann matrices 



Z = 


V 


2^2 

Zl 


Z3 

Z2 

Zl 


Z 4 

Z4 

Z 3 

Z2 

Z 3 

Z4 

Zi 

Z 3 

Z2 

Z 3 

Zi 

Zi 

Zl 

Z2 

Z 3 

Zi 


Zl 

Z2 

Z 3 



Zl 

Z2 




Zl 


Let A = Az = Vjkz denote the abelian variety corresponding to Z. With respect to a basis of 
V and a symplectic basis {Ai,..., A 7 , /ii,..., ^ 17 } of Az the period matrix of A is 


Uz = {I 7 Z). 

According to [TO], the group algebra decomposition of Az is 

Az ~ T X . 


with an elliptic curve E and an abelian threefold B. We want to see whether B decomposes 
further. As before the abelian subvariety R of A is not uniquely determined, but since the 
decomposability does not depend on the chosen subvariety in the equivalence class, we may 
assume acording to m Proposition 4.4] that the sublattice of A defining B has the basis 

{Ai — A 7 , A 2 — Ae, A 3 — A 5 , /ii — fj, 7 , fi2 — 1^6, k3 — 7 ^ 5 } 
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and moreover by the proof of [TOl Prop. 4.4], it is deduced that with respect to this basis the 
period matrix of B with respect to the induced polarization of A is given by 

( 1 0 0 Zi- Z2 Z2 - Z3 Z3 - Z 4 , 

0 1 0 22 - 2:3 21-24 22-24 

0 0 1 23-24 22-24 21-23 

Proposition 5.3. For a general principally polarized abelian variety in Fj, B is simple. 

Proof. We need to show that a general B contains no elliptic curves. Let 

iv = ^ aijdxi A dxj € 
i<j 

We see that if we divide the period matrix of B by 2, we obtain an isomorphic abelian variety 
which is principally polarized. After writing out the first six equations from Proposition 14.51 
for uj and the modihed period matrix for B, we obtain polynomials in 21 , 22 , 23 and 24 with 
rational coefficients. If we take these to be algebraically independent, then each coefficient of 
the polynomials must be equal to 0 , and we obtain the following relations: 

«12 = 013 = O 23 = 045 = 046 = O 56 = 0 



Oi4 = —ai5 + O25 — O34 

016 = 034 

024 = 015 

026 = O 35 = 015 + O 34 
036 = O 25 — O 34 

The parameters 015 , 025 and 034 are free, and the rest can be written in terms of these. If we 
now ask for w A 0 A 0 = —dxi A dx^ A dx 2 A dx^ A dx^ A dxQ (which is the 7th equation in 14.51 
with d 2 = ds = 1), we obtain the equation 

1 

015 — — 2 + ^“25 — 2034 . 

The equation u A to A 9 = 0 leads to 

42025 ~ 42025O34 + 140^4 — 14o25 + 7o34 + 1 = 0. 

Solving for 025 in terms of 034, we get that 


025 — 
\2 


42034 + 14 ± v^(42a34 + 14)2 _ i68(14a^4 + 7034 + 1) 

84 


Now (42034 + 14)^ — 168(14o|4 + 7034 + 1) = —5880^4 + 28. We see that 034 = 1/7 makes 
this number a square, and using the stereographic projection, we get that this expression is the 
square of a rational number if and only if 


034 — 


168+ 8t , 1 
588 + + 7 


for t G Q. In this case, we obtain the solutions 

2t^ 


Qt 


84 


025 — 


2 
+ - 


21 (t 2 + 588 ) 588 ^2 588 7 


2P 


2t 


84 


4 

“ 21 (t2 + 588) ~ t2 + 588 “ n' 

If we now ask for the equation a;AwAa; = 0, we obtain the two equations 

- 756+ 139356+ 1481760- 52898832- 2613824641 + 5489031744 = 0 
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- 1092 + 88788+ 2140320- 29618736- 377552448 i + 3817474752 = 0. 

A quick check in SAGE shows us that these two polynomials have no rational roots, and so the 
equations of Proposition 14.51 have no rational solutions. □ 

Remark 5.4. We note that the proof of Proposition 15.31 shows that the Picard number of a 
very general B in the above family is 3 (since the parameters ois, 025 and 034 are free), and the 
Picard number of any B is at least 3. 


Remark 5.5. Not every B is simple. For example, setting Z 2 = Z 3 = Z 4 we obtain a one 
dimensional family of threefolds that are isomorphic (as varieties) to the product of elliptic 
curves. We see that the differential forms 


T] = -^dxi A dx4 and ^ = 2 ^x 2 A dx^ 


satisfy the equations of Proposition 14.51 for this family, for example. By fixing r/ and using the 
equations from Proposition 14.51 we see that the Neron-Severi group of a R contains rj (and /r) if 
and only if 


Z2 = Z^ = Z4. 

This gives a surface in TV whose members split as the product of three elliptic curves and two 
abelian surfaces. 


5.3. The family Q. In this subsection we study the factors of the group algebra decomposition 
of a 3-dimensional family of principally polarized abelian varieties of dimension 6 with an action 
of the dihedral group of order 24 

G := (r, s : = (rs)^ = 1). 

First, recall some known results from [2], and the references given there. Let i7 be a finite 
group, an action of AT on a Riemann surface X is an injective homomorphism from K to the 
group of holomorphic automorphisms of X. K acts with signature ( 7 ; mi,..., mt) if the quotient 
surface X/K is of genus 7 and the covering vr : X —)■ A/iL is ramified over t points over which 
TT is locally m* : 1. Notice that the Riemann-Hurwitz equation 

must be satisfied, where g is the genus of X. This imposes restrictions on 7 and the m(s for 
given K and g. A signature for K satisfying this numerical condition is called an admissible 
signature. Moreover, given an admissible signature (0;mi,...,m^) for a group K, a covering 
where K acts with that signature can be constructed by a generating veetor, which is a t-tuple 
{gi,..., gt) of elements of K generating K and satisfying gi - ■ ■ gt = 1 such that gi is of order m^ 
for all i. 

In fact, denote by P the fundamental group of with t points removed. Choose a set of 
generators ai,... ,at of P satisfying ai • • • at = 1. Then a generating vector induces an exact 
sequence 

1 ^ p' ^ T ^ a: ^ 1 

and the normal subgroup P' of P defines the Galois covering vr : X —)■ P^. 

Moreover, in [2] there is an algorithm to compute a symplectic basis of 77i(X, Z) together 
with the induced action of K on this basis, given a generating vector for the action (under the 
assumption of having P^ as total quotient). The algorithm starts by finding a basis that reflects 
the action, which is turned into a symplectic basis by the Frobenius algorithm, giving in this 
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way a symplectic representation for the group K. This algorithm is implemented in a computer 
program, which is available at http;//www.geometry.uchile.cl. 

For the group studied in this subsection we have that the tuple (r^, s) is a generating 

vector for the signature (0; 4, 3, 2, 2). By the Riemann-Hurwitz formula, the corresponding curve 
is of genus 6. Therefore there is a one-dimensional family of Jacobians with the action of G 
coming from its action on the corresponding Riemann surface. The parameter of this family 
comes from the fact that the covering ramifies over four points on P^, therefore fixing three of 
them and allowing one to move we obtain the family. 

Using the method described in [2] we compute the corresponding symplectic representation of 
G, and we compute the Riemann matrices in T-Lq fixed by this action. We obtain a 3—dimensional 
family Q of principally polarized abelian varieties of dimension 6 with Riemann matrices 

/ —2x — 2y + 2z 


Z = 


X — ^z 0 

X + 2y 

2x + y — 2z 

—X — y + z 

2y + 2z X 

—X — 2y — ^z 

—2x + 2y + 2z 

X — y — z 

-2y + z 

y-h 

-x + y - \z 

X 


z 

-3y 

y 



‘iz 

-^z 


\ ^ / 
The three parameters are complex numbers such that the corresponding matrix has positive 
definite imaginary part. The period matrix of a generic element A in ^ is 11 = (/g Z), after 
hxing a symplectic basis 

r = {ai, ... ,ae, Pi,..., Pe} 

for the lattice of Az- A generic element A^Q decomposes as A ~ 5 x F, where S is an abelian 
surface and F is a 4-dimensional abelian variety. We note that for the parameters x = y = 0 
and z = 1, the matrix 


/ 


= 


2 —- 
^ 2 


0 0-2 


1 \ 


2 0 
1 


-1 

0 

0 


3 —- 
2 


V 


1 


is positive definite and tZq G Q for any r G H. The family Q is therefore non-empty and thus 
three-dimensional. 

Following the method in m Table 4], we determine that the induced polarization on S is of 
type (2,2), and on F is of type (1,1,2,2). Besides, the lattices for S and F are generated by 
the following symplectic bases: 

= {«2 + as — Qfg, ai — a2 + a4 — 05, Pi + P2 — Pe, P4 — Ps — Pq}^ 

Tf = {as, —oi 4-0:2,2ai -02 — 05-1-06, -01-1-02-1-04-1-05, P^, P2 — P^, Pi+ P2 + Pe-, P4 + PbA P%} ■ 
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S and F are isotypical factors; this is, each one is the image of a central idempotent in the group 
algebra Q[G]. Therefore they have the action of G. Using the group algebra decomposition, it 
is possible to decompose both factors further: 

S ~ E^, and Fr^ Six S 2 , 


where E is an elliptic curve with induced polarization of type (4), and Si is an abelian surface with 
induced polarization of type (2,4). Si corresponds to a primitive idempotent in Q[G], therefore 
using the group action we cannot decompose further either of the surfaces decomposing F. 

From Fi?, replacing each by the combination of aj given by the Riemann matrix of A, we 
get the following period matrix for F = Vp/Lp. Recall that the basis for Vp is 


, 2 q;i — 02 — 0:5 + ae 

{as, —ai + 02 ,-- 


—Oil + 012 + CI4 + 0:5 
2 




in order to consider F with its induced polarization. Under this consideration the period matrix 
oi Lp is 


Pf 


/ 1 0 0 0 -2y + z 

0 1 0 0 2x-y + f 

0 0 2 0 2x 

y0002 2y — z 


2x — y + ^ 2x 2y — z \ 

ix — 2y + z 2x — 2y + z —2x + 2y — z 

2x — 2y + z —Ay + 2z 2y — z 

—2x + 2y — z 2y — z —Ay — 2z j 


Moreover, we explore the primitive idempotents in Q[G] giving varieties decomposing F, and 
we find 12 of them, all defining abelian surfaces with the same type of polarization (2,4). We 
choose two of these abelian surfaces; the advantage of the chosen ones is that they define an 
isomorphism from Si x S 2 to F. 

Let Fj be a symplectic basis for the lattice Li of Si = Vi/Li for i = 1,2. Then we have 


Fi — {ai — 02, —02 — 2a3 + 20:4 + 805 — oq , /3i — /32 + Ps — /3i + /35 + /3e}, 


r2 — {—0:3 A- oi4 05, oi — 02 F 04 + 05, /32 — 13^ + 134 + /3 q, /3i — (32 + 2/3^ + 2/3^ + /Jg}. 

Note that (Fi) + (F 2 ) = (Fi?), therefore there is an isomorphism defined by the addition 

Si X S2 —y F, (si, S2) eA Si + S2. 

Considering that the induced polarization on Si is of type (2,4), and replacing the curves /3j 
by the corresponding combination of curves Ok given by the Riemann matrix of A, we get the 
following period matrix for the lattice of Si and S 2 

p _ f 2 0 —Ax — Qy + 2>z Ax + Ay — 2z \ 

0 4 Ax + Ay — 2z —Ay + 2z y ’ 

We obtain the same period matrix for both subvarieties, therefore they are isomorphic. 

Proposition 5.6. There are polynomials Q,Rg C[x, y, z, 012 , 043 , 044 , 023 , 034 ] such that in the 
family of surfaces 

f : Spec C[x, y, z, ai 2 ,ai 3 ,014,023, 034 ]/{Q,R) Spec C[ 042 , 013 , 044 , 023 , 034 ]/(i?), 

each fiber over a rational point of the base seheme corresponds to a (possibly empty) family of 
principally polarized abelian varieties in Q that split isogenously as the produet of elliptic curves. 
Explicitly, if {x, y, z) belongs to a fiber of f, we replaee these in the matrix Z; if this matrix lies 
in the Siegel half space it corresponds to a completely deeomposable prineipally polarized abelian 
variety in Q. 
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Proof. In order for a member of Q to split as the product of elliptic curves, it is only necessary 
to make Si (and therefore S 2 ) split. Since Si with the restricted polarization is of type ( 2 ,4), we 
can divide this polarization by 2 to obtain a polarization of type (1,2). Writing the equations 
from Proposition 14.41 for when an abelian surface splits as the product of elliptic curves in this 
scenario and replacing 024 = 2(1 — 023 ), the second equation becomes 

Q = ai2{-4:x‘^+ 2y‘^+ - Axy+ 2xz - 2yz) + 4:ai3{2x + 2y - z) + ai 4 {Ax + 6y - 3z) 

+023 (—2?/ + z) + 2034 + 4x + 4y - 2z. 
and the third equation becomes 

R = 20^3 + 2ai3 + fll4fl23 + 012R34- 

These polynomials give us the family of surfaces above. □ 

Corollary 5.7. If we put 042 = 0, we obtain linear equations that give us families of surfaces 
in Q that consist of completely decomposable principally polarized abelian varieties. 

For example, the rational point (0,0,0,1,0) gives us the surface 4x + 2y — z = 0, and for 
r G "Hi, the matrix 

/ 6 -5 0 1 -6 3 \ 

8 1-3 6-3 

4-2-3 1 

4 0 0 

12 -6 

\ ^ / 

has positive definite imaginary part and corresponds to a point of this fiber. 
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